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Abstract
The quadrupole deformation is basic to study the shape transitions; it is possible to predict many
important properties of even-even nuclei as a function of the deformation parameter. The deformations of
nuclei are important for understanding their shapes prolate or oblate. The quadrupole deformation
parameters were calculated by the transition probability B (E2) for 18, 20, 22, 24, 26,28Ne isotopes, were
adopted different interactions three. The calculations are performed with the Bohr-Mottelson (B-M)
effective charges, which represent the effect of the core-polarizations. Also, the deformation parameters
were calculated for different nuclei and adopted two methods of calculation: from reduced the transition
probability (B2) and from the intrinsic quadrupole moment. In calculations, the Shell model is adopted.
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1. Introduction

2. Theory

The calculation of deformed nuclei was an old
problem in the structure of nuclear physics. The meanfield descriptions in the intrinsic frame have been
favored; as they take interest natural of the spontaneous collapse of rotational symmetry [1].
The spherical nuclear model becomes unstable
when nucleons (protons and neutrons) or gaps (holes)
in non-filled shells are increased. The outer nucleons
(protons and neutrons) interact with the residual
interaction. The interaction results in a correlated
motion of the particles leading to a non-spherical nuclear shape. Therefore, the nuclei with many protons
and neutrons in unfilled shells have non spherical and
ellipsoidal shapes [2]. The Shell model hypothesizes
stated that there is a nucleus (core) consisting of pairs
of protons and neutrons. This nucleus may be spherically symmetric where it gives rise to the spherically
symmetric independent particle model, as seen in the
Nilsson model [3]. It is also indicated as a deformed
independent particle model. This model was restricted
to nuclei with axially symmetric quadrupole deformations. The quadrupole deformations use the
deformation parameter (b2). The deformation parameter is responsible for the prolate deformation at positive values and the oblate deformation at negative
values. The nuclei are also classified into oblate and
prolate when the quadrupole deformations are (Q' < 0)
and (Q' > 0), respectively.
Alex Brown [4] stated a set of code of NuShellX@MSU using Hamiltonians data files and the
model spaces to generate input for NuShellX. The code
also converts the NuShellX output into tables and
figures for energy levels, beta and gamma decays [4].
The calculation of transition rate B(E2[) is an index of
collectivity and is much more useful than the level
energies, where the experimental methods of deduced
B(E2[) values from the excited-state energies [5] are
based on data obtained from nuclei close to the valley
of stability.
The quadrupole deformation parameter is the basic
to the measurement of the shape transitions. The
deformation parameters of nuclei are important to
understand their shapes (oblate and prolate).

The operator electric transition O (E2) is sufficient
to know the charge distribution, which can be defined
as [6]:
OðEJÞ ¼

A
X

eðkÞr k ðkÞYj ð!
r ðkÞÞ

ð1Þ

k¼1

where, e(k) represents the charge of nucleon numbered
k, i.e. e(k) ¼ 0 for the neutron and e(k) ¼ e for the
bJ jjJi D can be
proton. The reduced matrix element CJf j O
calculated by Ref. [7].
X


bJ jjJi D ¼
bJ jjjD
OBDM Ji ; Jf ; J; j; j0 Cj0 jj O
CJf jj O
jj0

where j' ; j represent the final and the initial single-particle states, (OBDM) denotes one-body density matrix
bJ jjjD represents single-particle matrix
and Cj' jj O
elements.
The equation of the model space matrix elements is
formulated as follows [7],
X
bJ jjJi D ¼
bJ jjJiMS D
CJf jj O
eeff ðtz ÞCJf jj O
tz

where eeff represents the effective charges to the neutrons and the protons only and it is active in restriction
of the model space. In the structure of the nuclear
physics, the quadrupole moment of a state of angular
momentum J is defined as the expectation value in the
state of M ¼ J. It refers to the spectroscopic or static
quadrupole moment [6].
rﬃﬃﬃﬃﬃﬃﬃﬃsﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
16p
Jð2J1Þ
QðJ¼2Þ¼
CJjjOðE2ÞjjJD
5
ðJþ1Þð2Jþ1Þð2Jþ3Þ
ð2Þ
The calculation of a quadrupole moment of the
initial and the final state wave function must be taken
identical. The spectroscopic quadrupole moment Q is
defined as the moment in the state of M ¼ J. It is the
maximum value of the moment that one can observe in
the laboratory system as shown in the following
equation [6]:
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Q¼

2J  1 0
Q
2ðJ þ 1Þ

ð3Þ

where Q ׳represents the intrinsic quadrupole moment,
i.e. it is defined with respect to the axis of the symmetry
of the charge distribution. The semi-classical derivation
shows that the quadrupole moment is partially (Q ˂ Q)׳
due to the precession of the nuclear system in the laboratory system.
The B(E2) transition rate (reduced electric transition probability) can be defined as shown by Ref. [8]:
bJ jjJi
Jf jj O
BðEJÞ ¼ 〈
〉
2Ji þ 1

2

ð4Þ

where the transition is from the initial state Ji to the
finial state Jf .
Also, Q' can be calculated by Refs. [9,10]:
rﬃﬃﬃﬃﬃﬃﬃﬃ
16p
0
Q¼
ð5Þ
½BðE2Þ1=2
5
and [10]:
Q0 ¼

ðI þ 1Þð2I þ 3Þ
Q
ð3K 2  1ðI þ 1ÞÞ

ð6Þ

where Q represents the electric quadrupole moment in
the laboratory system, I represents the spin of the state
of the member of rotational band based on the nucleus
ground state [5] and K represents a projection of I's on
the symmetry axis [5].
Calculations of the quadrupole deformation parameters adopted two methods: from B(E2) as shown
by Ref. [9]:


1=2
4p
e2 fm4
b2 ¼
ð7Þ
BðE2 Þ[ 2
3ZR2
e
where R0 ¼ 1:2A1=3 fm, Z represents the atomic number, and from the Q' whichis given by Refs. [5,10]:

d¼

79

0:75Q0
CZr 2 D

ð8Þ

The r 2 value is evaluated using the following
equations [5,7]:

2
ðA > 100Þ
ð9Þ
〈r 2 〉 ¼ 0:6 1:2A1=3



〈r 2 〉 ¼ 0:6R2+ 1 þ 10 3ðpa+ =R+ Þ2 1 þ ðpa+ =R+ Þ2
ðA  100Þ
ð10Þ
where a ¼ 0.55 fm and R ¼ 1.07A1=3 fm. The deformation parameter d is related to the experimental
quadrupole moment [11].
ð11Þ

dz0:95b2

The measured deformations of heavy nuclei have Q
> 0 (prolate shape) and are strongly deformed. While
the deformation parameters for the lighter nuclei are
somewhat large [11].
3. Results and discussion
Comparing the theoretical quadrupole moments,
which are significant values for deformed nuclei, with
the experimental data give a chance to test the nuclear
models [12]. The B(E2) for isotopes 18,20,22,24,26,28Ne
were calculated using different effective interactions
and the Bohr-Mottelson (B-M) effective charges [11].
The calculations were performed using the NushellX
@ MSU code [4] to calculate the one-body density
matrix (OBDM). The B(E2) values were calculated
using the usdb interaction (Universal sd-shell interaction B) [13] for isotopes 18,20,22,24,26,28Ne and tabulated
in Table (1). The quadrupole deformation parameters
(b2) were calculated from B(E2) values according to
equation (7) and the results were compared with the
experimental data [14]. The nucleus of 18Ne has magic

Table 1
,
The quadrupole deformation parameter for isotopes 18 20,22,24,26,28Ne with usdb interaction [13]. The calculation of quadrupole deformation
parameter b2th for each isotope was obtained from the adopted values of B(E2) [14].
A,N

(Ex)the (MeV)

(Ex)ex (MeV)

B(E2)

8
10
12
14

1.99
1.74
1.36
2.11

1.88
1.63
1.27
1.98

123 (49)
300.6 (10)
279.1 (22)
191.4 (33)

26, 16
28, 18

2.06
1.62

2.01
1.30

147 (6)
180.2 (32)

18,
20,
22,
24,

10Ne

B-M

(e2fm4)

BðE2Þex: [13](e2fm4)

b2th usdb int.

b2ex [13]

243 (16)
333 (16)
229.8 (42)


þ57
143
24
155 (32)
136 (32)

0.4699
0.6848
0.6191
0.4839

0.661 (21)
0.72 (18)
0.561 (51)


þ0:84
0:418
0:35
0.413 (43)
0.367 (0.31)

(28)
(5)
(9)
(17)

0.4020 (2)
0.4236 (16)
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Table 2
,
The quadrupole deformation parameter for isotopes18 20,22,24,26,28Ne with cw interaction [15].The calculated quadrupole deformation parameter
b2th for each isotope was obtained from the adopted values of B(E2) [14].
A,N

(e2fm4)

(Ex)the (MeV)

(Ex)ex (MeV)

B(E2)

8
10
12
14

2.00
1.74
1.39
2.27

1.88
1.63
1.27
1.98

119.49 (51)
300.4 (10)
278.8 (21)
193.4 (34)

26, 16
28, 18

2.28
1.66

2.01
1.30

281 (81)
142 (4)

18,
20,
22,
24,

10Ne

B-M

BðE2Þex: [13](e2fm4)

b2th cw int.

b2ex [13]

243 (16)
333 (16)
229.8 (42)


þ57
143
24
155 (32)
136 (32)

0.4631
0.6845
0.6189
0.4864

0.661 (21)
0.72 (18)
0.561 (51)


þ0:84
0:418
0:35
0.413 (43)
0.367 (31)

(30)
(5)
(8)
(17)

0.5558 (34)
0.3761 (2)

Table 3
,
The quadrupole deformation parameter for the isotopes18 20,22,24,26,28Ne with su3 interaction [16].The calculated of quadrupole deformation
parameter b2th for each isotope was obtained from the adopted values of B(E2) [14].
A

10Ne

(e2fm4)

(Ex)the (MeV)

(Ex)ex (MeV)

B(E2)

18
20
22
24

1.50
1.50
1.50
1.50

1.88
1.63
1.27
1.98

160.5 (34)
346 (4)
283.7 (24)
374.9 (161)

26
28

1.50
1.50

2.01
1.30

281 (81)
193.7 (42)

B-M

BðE2Þex: [13](e2fm4)

b2th su3 int.

b2ex [13]

243 (16)
333 (16)
229.8 (42)


þ57
143
24
155 (32)
136 (32)

0.5368
0.7347
0.6243
0.6772

0.661 (21)
0.72 (18)
0.561 (51)


þ0:84
0:418
0:35
0.413 (43)
0.367 (31)

(53)
(13)
(10)
(63)

0.5558 (34)
0.4384 (19)

Table 4
Reduced quadrupole deformation parameter for some nuclei (C, O, Ne, Mg, Ca).
Z, A

b

BðE2Þexp: [9](e2fm4)

BðE2Þth (e2fm4)

b2ex: [9]

b2th:

Qex: [9](e fm2)

Qth (e fm2)

dex:

dth:

6,12
8,18
10,20
12,26
20,42

1.67
1.751
1.774
1.83
1.95

39.7(33)
45 (20)
340 (30)
305.6 (13)
420 (30)

75.7 (90)
38.9 (13)
300.6 (11)
334 (9)
95.8 (77)

0.582
0.355
0.727
0.482
0.247

0.8 (38)
0.33 (7)
0.68 (6)
0.5 (4)
0.117(53)

20 (8)
21.29 (47)
58.4 (26)
55.4 (21)
64.9 (23)

27.5
19.7
54.9
57.9
31

0.36
0.24
0.50
0.35
0.19

0.5
0.22
0.47
0.36
0.09

number of neutrons (N ¼ 8). The theoretical calculation of the deformation parameter for isotope 18Ne is
close to the experimental data of the deformation
parameter, while theoretical value of B(E2) underestimates the experimental data [14]. The theoretical calculation of the deformation parameter for
isotope 20Ne is close to the experimental data [14].
Table (1) showed that the deformation parameters are
increased, reaching a maximum at N ¼ 10 and then
decreased. The analysis of the above calculations
shows a strong contribution of sd-shell to the valence
of two protons and two neutrons. The theoretical calculations of the deformation parameter for isotopes
22,24
Ne were close to the experimental data [14]. The
calculations of isotopes 26,28Ne were in agreement with
the experimental data [14], as shown in Table (1).
Calculations of B(E2) are provided using the B-M
effective charges [11] and cw interaction (CHUNGWILDENTAL) [15] for isotopes 18,20,22,24,26,28Ne in

(24)
(8)
(32)
(10)
(9)

comparison with the experimental data [16] as shown
in Table (2). The calculation of the deformation
parameter b2th from the B(E2) was adopted according
to equation (7) and the results were compared with the
experimental data [14]. The theoretical calculations for
the B(E2) and b2th — in Table (2), showed a clear
closeness between these calculations and the experimental data [14]. Also, the deformation parameter is
increased, reaching a maximum of N ¼ 10 and then
decreased. The analysis of the above calculations
showed a strong contribution of sd shell to the valence
of two protons and two neutrons. The theoretical
calculation of the deformation parameter for isotopes
18
Ne and 20Ne agreed with the experimental error of
the experimental data [14].
The theoretical calculations of the deformation
parameter for isotopes 22,24,26,28Ne were close to the
experimental data [14].
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quadrupole moment Q' adopted equation (8) where Q׳
was taken from Ref. [9], while the values of 〈r2〉 were
calculated from equation (10). Table (4) and figure (1)
showed the comparison of these calculations with the
experimental data [9]. The calculations of dth and b2th
agreed with the experimental data for the nuclei in sd
shell, while calculations of b2th overestimated the
experimental data for nuclei in p-shell and underestimated the nuclei in fp-shell. The theoretical calculations of deformation parameter d were agreed with
the experimental deformation parameter b2ex according
to equation (11), where it was less than them by
approximately 0.95 because it adopted the intrinsic
quadrupole moment Q' which was taken from the
experimental data [9].
4. Conclusion

Figure (1). Quadrupole deformation parameter b2 and d for some
nuclei (C, O, Ne, Mg, Ca).

The B(E2) was calculated from su3 interaction
(Elliott J P) [16] for 18,20,22,24,26,28Ne isotopes and
adopted equation (7) to calculate the quadrupole
deformation parameter, and the calculations were
compared with the experimental data [14]. The theoretical calculation of the deformation parameter for the
isotope 18Ne agreed with the experimental error of the
experimental data, and the isotope 20Ne entirely agreed
with the experimental data [14]. Table (3) showed that
the quadrupole deformation parameter increased,
reaching a maximum of N ¼ 10 and then decreased.
The analysis of the above calculations showed a strong
contribution of sd shell to the valence of two protons
and two neutrons. The theoretical calculations of the
deformation parameter for isotope 22Ne are close to the
experimental data, and the theoretical calculation of
the deformation parameter for isotope 24Ne agreed
with the experimental error of the experimental data.
The calculations of the deformation parameter for the
isotope 26,28Ne were close to the experimental data
[14], as demonstrated in Table (3).
Also, the quadrupole deformation is calculated from
different model spaces such as the C nucleus for pshell, the O, Ne and Mg nuclei for sd - shell and the Ca
nucleus for fp shell using two methods. The first
method from the reduced quadrupole transition B(E2)
adopted equation (7) to calculate quadrupole deformation parameter (b2th) where B(E2) was taken from
Ref. [9]. The second method to calculate the quadrupole deformation parameter (dth) from the intrinsic

In this study, the OBDM was calculated from each
of the neon isotopes (18,20,22,24,26,28Ne) using different
interactions. Also, the OBDM was calculated from
each of the assumed neon isotopes and using sd-model
space. The transition rate B(E2) was calculated from
some isotopes using the effective charges B-M for each
isotope which represented the effect of polarization of
the core. The quadrupole deformation parameters b2th
were calculated from some Ne isotopes (A ¼ 18, 20,
22, 24, 26, 28) using three different interactions. The
theoretical results of the b2th were compared with the
experimental data b2ex. The quadrupole deformation
parameter (b2th, dth) was calculated by two methods,
the B(E2) (the transition rate) method and Q' (the
intrinsic quadrupole moment) method.
References
[1] E. Caurier, J. Egido, G. Martínez, A. Poves, J. Retamosa,
L. Robledo, A. Zuker, Laboratory frame description of the
deformed nucleus 48Cr, Phys. Rev. Lett. 75 (1995) 2466.
[2] S. Kharroube, A. Tefiha, The deformation structure of the eveneven p- and s-d shell nuclei, Alexjournals. phys. 1 (2011) 1e13.
[3] S. Nilsson, K. Danske, Binding states of individual nucleons in
strongly deformed nuclei, Mat. Fys. Medd. 29 (1955) 1e69.
[4] B. Brown, W. Rae, The shell-model code NuShellX@MSU,
Nucl. Data Sheets 120 (2014) 115e118.
[5] S. Raman, C. Nestor, J. Kahane, K. Bhatt, Low-lying collective
quadrupole and octupole strengths in even-even nuclei, Phys.
Rev. C 43 (1991) 556e581.
[6] P. Brussaard, P. Glademans, Shell- Model Application in Nuclear Spectroscopy, North-Holland Publishing Company,
Amsterdam, 1977.
[7] A.H. Ali, S. Hassoon, H. Tafash, Calculations of quadrupole
deformation parameters for nuclei in fp shell, 1st Annual Int.
Conf. on Information and Sciences J. Phys. 1 (2019).

82

A.H. Ali, M.T. Idrees / Karbala International Journal of Modern Science 6 (2020) 78e82

[8] R.A. Radhi, A.H. Ali, Microscopic calculations of effective
charges and quadrupole transition rates in Si, S and Ar isotopes,
Iraqi J. Sci. 57 (2016) 1999e2013.
[9] S. Of, E. Even, S. Raman, C. Nestor, P. Tikkanen, Transition
probability from the ground to the first-excited, Atom. Data
Nucl. Data 78 (2001) 1e128.
[10] J. Margraf, R. Heil, U. Kneissl, U. Maier, H. Pitz, H. Friedrichs,
S. Lindenstruth, B. Schlitt, C. Wesselborg, P. Von Brentano,
R. Herzberg, A. Zilges, Deformation dependence of low lying
M1 strengths in even Nd isotopes, Phys. Rev. C 47 (1993)
1474e1477.
[11] A. Bohr, B. Mottelson, Nuclear Structure, vol. 2, Benjamin,
1975.

[12] F. Ertuʇral, E. Guliyev, A. Kuliev, Quadrupole moments and
deformation parameters of the 166-180Hf, 180-186W and 152168Sm isotopes, Acta Phys. Pol., A 128 (2015) 254e257.
[13] B. Brown, R. Richter, New ‘USD’ Hamiltonians for the sd shell,
Phys. Rev. C: Nucl. Phys. 74 (2006), 034315.
[14] B. Pritychenko, M. Birch, B. Singh, M. Horoi, Tables of E2
transition probabilities from the first 2þ states in even-even
nuclei, Atomic Data Nucl. Data Tables 107 (2016) 1.
[15] W. Chung, Empirical Renormalizations of Shell-Model Hamiltonians and Magneticdipole Moments of Sd-Shell Nuclei, PhD
Thesis, Mich. State University, East Lansing), 1976, p. 21.
[16] J.P. Elliott, Collective motion in the nuclear shell model. I.
Classification schemes for states of mixed configurations, Proc.
R. Soc. London, Ser. 245 (1958) 128e145. A1364.

